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The Kℓ3 scalar form factors in the standard model
∗
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Fakulta¨t fu¨r Physik, Universita¨t Wien, Boltzmanngasse 5, A-1090 Wien, Austria
(Dated: May 15, 2008)
We discuss the predictions of the standard model for the scalar form factors of Kℓ3 decays. Our
analysis is based on the results of chiral perturbation theory, large Nc estimates of low-energy
couplings and dispersive methods. It includes a discussion of isospin violating effects of strong and
electromagnetic origin.
I. INTRODUCTION
Recent high-statistics mesurements of the Kℓ3 form
factor parameters λ′+, λ
′′
+, λ0 are available from ISTRA+
[1], KTeV [2], NA48 [3] and KLOE [4]. Only ISTRA+ has
analyzed the charged kaon decay K− → π0µ−ν, whereas
the results of the other three experiments are based on
KL decays. In particular for the scalar slope, the NA48
results are difficult to accomodate with those of the other
experiments and the actual value of this quantity is not
yet finally settled. A global analysis of the present exper-
imental situation can be found in a recent compilation of
the FLAVIAnet Kaon Working Group [5].
For a comparison with the experimental outcomes, we
need a theoretical prediction, as precise as possible, for
the behaviour of the scalar form factors of K0ℓ3 and K
+
ℓ3
decays. We wish to address the following questions:
• Which of the values of λ0 found by the different
experimental groups are compatible with the stan-
dard model of particle physics?
• Which size of isospin violation can be expected for
the scalar form factors?
To this end we collect and extend the present theoretical
information on the scalar K0ℓ3 and K
+
ℓ3 form factors. The
principal theoretical tool of such an analysis is chiral per-
turbation theory [6, 7], the low-energy effective theory of
the standard model. It exploits the special roˆle of the
pseudoscalars π, η, K as Goldstone particles of sponta-
neous chiral symmetry breaking. This effective quantum
field theory can be extended by the inclusion of photons
[8, 9, 10] and leptons [11] as active degrees of freedom.
As a complementary method, also dispersion techniques
have been employed [12, 13, 14, 15, 16, 17].
The outline of this paper is as follows. In Sect. II
we recapitulate the basic definitions of the Kℓ3 form
factors, their current parametrizations and the Callan-
Treiman theorem [18]. We determine the quantity
FK/Fπf
K0π−
+ (0) (which is one of the basic input parame-
ters of our analysis) by combining the relevant theoretical
expressions with recent experimental data. This section
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is closed with a short review of the present theoretical
and experimental status of the scalar slope parameter.
In Sect. III we display the formulae for the Kℓ3 form
factors at next-to-leading order (NLO) in the chiral ex-
pansion including strong isospin violation end electro-
magnetic contributions of the orders (md − mu)p2 and
e2p2 given in [19]. For later convenience, we also express
the f− form factors through the ratio FK/Fπ [11] in-
stead of the low-energy coupling Lr5. The corresponding
expressions for the scalar form factors and slope param-
eters are shown in Sect. IV and those relevant for the
Callan-Treiman relation in Sect. V. In Sect. VI we
update the numerical value of the parameter ε(2) which
determines the size of strong isospin breaking. Our nu-
merical results at NLO are then presented in Sect. VII.
They show, for the first time, a quantitative comparison
of strong isospin breaking and electromagnetic contribu-
tions generated at this chiral order.
In the next step, we consider effects arising at NNLO.
Our discussion in Sect. VIII starts with an analysis in
the limit of isospin conservation. We combine the two-
loop results obtained in [20] with a determination of the
associated p6 counterterms. The relevant low energy cou-
plings Cr12 and C
r
34 can be estimated by using the 1/NC
expansion and truncating the hadronic spectrum to the
lowest lying resonances [21]. We show that the uncer-
tainty in the determination of these coupling constants
given in [21] can be reduced considerably by a careful con-
sideration of the two-loop renormalization group equa-
tion [22] and by employing the analysis of [23] for the
determination of the scalar and pseudoscalar resonance
parameters. In this way, we obtain a rather accurate the-
oretical preditions for the slope and curvature parameters
in the isospin limit. The analogous analysis is made for
the size of the scalar form factor at the Callan-Treiman
point and at zero momentum transfer. In Sect. IX we
compare our findings for the slope and the curvature of
the scalar form factor with the results obtained by dis-
persive methods [12, 13, 14, 15, 16, 17].
In Sect. X we extend the results obtained at the order
(md − mu)p4 [24] on the Kℓ3 scalar form factors by an
estimate of the associated local contributions relevant for
the splitting λK
0π+
0 −λK
+π0
0 . Finally, we discuss the pos-
sible size of corrections to the Callan-Treiman relation
induced by isospin violation at this chiral order.
Our conclusions are summarized in Sect. XI.
2II. BASIC FACTS
The Kℓ3 decays
K+(pK) → π0(pπ)ℓ+(pℓ)νℓ(pν), (2.1)
K0(pK) → π−(pπ)ℓ+(pℓ)νℓ(pν), (2.2)
(and their charge conjugate modes) allow the exploration
of the hadronic matrix elements〈
π0(pπ)|V 4−i5µ (0)|K+(pK)
〉
(2.3)
=
1√
2
[
fK
+π0
+ (t)(pK + pπ)µ + f
K+π0
− (t)(pK − pπ)µ
]
,
and 〈
π−(pπ)|V 4−i5µ (0)|K0(pK)
〉
(2.4)
= fK
0π−
+ (t)(pK + pπ)µ + f
K0π−
− (t)(pK − pπ)µ.
The processes (2.1) and (2.2) thus involve the four Kℓ3
form factors fK
+π0
± (t), f
K0π−
± (t), which depend on
t = (pK − pπ)2 = (pℓ + pν)2, (2.5)
the square of the four momentum transfer to the leptons.
Only Kµ3 decays are sensitive to both f
Kπ
+ and f
Kπ
− .
With Ke3 decays only f
Kπ
+ can be tested, as in this case
fKπ− enters together with the tiny quantity m
2
e/M
2
K ≃
10−6 in the formula for the Dalitz plot density.
fKπ+ is referred to as the vector form factor, because
it specifies the P -wave projection of the crossed channel
matrix elements 〈0|V 4−i5µ (0)|Kπ〉. The S-wave projec-
tion is described by the scalar form factor
fKπ0 (t) = f
Kπ
+ (t) +
t
M2K −M2π
fKπ− (t), (2.6)
which implies
fKπ0 (0) = f
Kπ
+ (0). (2.7)
Older analyses of Kℓ3 data usually used the linear
parametrization
fKπ+,0(t) = f
Kπ
+ (0)
(
1 + λ+,0
t
M2π+
)
. (2.8)
More recent high statistics experiments also search for a
quadratic term in the form factor expansion of fKπ+ (t),
fKπ+ (t) = f
Kπ
+ (0)
[
1 + λ′+
t
M2π+
+
1
2
λ′′+
( t
M2π+
)2]
. (2.9)
Alternatively, also a pole fit,
fKπ+ (t) = f
Kπ
+ (0)
M2V
M2V − t
, (2.10)
fKπ0 (t) = f
Kπ
+ (0)
M2S
M2S − t
, (2.11)
has been employed. Recently, a dispersive representation
of the scalar form factor based on a twice subtracted
dispersion relation was proposed in [15, 16, 17]:
fKπ0 (t)
fKπ+ (0)
= exp
[
t
∆Kπ
(
lnC −G(t))], (2.12)
G(t) =
∆Kπ(∆Kπ − t)
π
∞∫
tKpi
ds
s
φ(s)
(s−∆Kπ)(s− t− iǫ) .
The quantity tKπ denotes the threshold of Kπ scattering
and ∆Kπ =M
2
K −M2π .
From the theoretical point of view, the scalarKℓ3 form
factor has a remarkable property: The low-energy theo-
rem of Callan and Treiman [18] predicts the size of fKπ0 (t)
at the (unphysical) momentum transfer t = ∆Kπ as
fKπ0 (∆Kπ) =
FK
Fπ
+∆CT, (2.13)
with a correction term ∆CT of O(mu,md, e2). In the
isospin limit (mu = md, e = 0), and at first nonleading
order, the tiny value ∆CT = −3.5×10−3 was worked out
already some time ago [25].
Assuming for a moment a strict linear behaviour of
the scalar form factor in the range between t = 0 and
the Callan-Treiman point t = ∆Kπ, the slope parameter
would be given by
λ0 ≃
M2π+
∆Kπ
(
FK
FπfKπ+ (0)
− 1
)
(2.14)
as a consequence of (2.13). The ratio FK/Fπf
Kπ
+ (0) ap-
pearing in (2.14) can be determined with remarkable pre-
cision from experimental input independent of Kµ3 data.
Because of its central importance for our subsequent
analysis, we describe here the determination of
FK
FπfK
0π−
+ (0)
(2.15)
in some detail. We want to point out that the decay
constants used here always refer to the respective charged
pseudoscalars (Fπ ≡ Fπ0 , FK ≡ FK+). In the case of the
pion, the distiction between charged and neutral decay
constant amounts to a tiny effect of order (md −mu)2,
whereas FK+ differs from FK0 by terms of ordermd−mu
[7].
Including electromagnetic corrections [11, 26], the ratio
of the (fully inclusive) Kℓ2(γ) and πℓ2(γ) widths can be
written as
Γ(Kℓ2(γ))
Γ(πℓ2(γ))
=
|Vus|2F 2KMK±(1− zKℓ)2
|Vud|2F 2πMπ±(1− zπℓ)2
×
{
1 +
α
4π
[
H(zKℓ)−H(zπℓ)
+ (3− Z) ln M
2
K
M2π
+ . . .
]}
, (2.16)
3where zPℓ = m
2
ℓ/M
2
P . An explicit expression for the func-
tion H(z) can be found in [11]. The chiral coupling [11]
Z ≃ 0.8 arises from the electromagnetic mass difference
of the pion,
M2π± −M2π0 = 2e2ZF 20 , (2.17)
where F0 denotes the pion decay constant in the chiral
limit. The dots in (2.16) refer to contributions arising at
O(e2p4). Inserting the measured widths [27]
Γ(Kµ2(γ)) = 0.5122(15)× 108 s−1, (2.18)
Γ(πµ2(γ)) = 0.38408(7)× 108 s−1, (2.19)
we find
|Vus|FK
|Vud|Fπ = 0.27567(40)(2)(29) = 0.27567(50). (2.20)
The first two separated errors correspond to the experi-
mental uncertainties of the Kµ2(γ) and πµ2(γ) width, re-
spectively. The third one is an estimate1 of the unknown
electromagnetic contributions of O(e2p4). Using (2.20),
the quantity (2.15) we are interested in, can now be writ-
ten as
FK
FπfK
0π−
+ (0)
= 0.27567(50)× |Vud||Vus|fK0π−+ (0)
. (2.21)
For the determination of the product |Vus|fK0π−+ (0), we
employ the frequently used formula [27]
Γ(Kℓ3(γ)) =
G2FM
5
K
192π3
C2K |Vus|2fK
0π−
+ (0)
2IℓK
× SEW
(
1 + δℓK + δSU(2)
)
. (2.22)
In order to avoid any bias from K+e3 (which would re-
quire additional theoretical input for the determination
of δSU(2)) or Kµ3 data (involving also information about
λ0, the quantity we actually want to determine), we are
exclusively using input from K0Le3 decays [2, 29] as given
in [27]:
Γ(K0Le3(γ)) = 0.0792(4)× 108 s−1, (2.23)
λ′+ = 0.0249(13), λ
′′
+ = 0.0016(5), ρλ′,λ′′ ≃ −0.95.
(2.24)
Taking into account the recently determined values [30]
of the electromagnetic low energy couplings Xi [11], we
obtain
δeK0 = 0.0114(30) (2.25)
1 See also [28] for a recent calculation of O(e2p4) contributions to
the ratio Rπ,K
e/µ
.
as an update of our electromagnetic corrections presented
in [31]. Putting everything together, we find
|Vus|fK
0π−
+ (0) = 0.21616(68). (2.26)
With [32]
|Vud| = 0.97418(26), (2.27)
extracted from superallowed nuclear Fermi transitions,
we finally obtain2
FK
FπfK
0π−
+ (0)
= 1.2424(23)(39)(3) = 1.2424(45), (2.28)
where the first error comes from (2.20), the second one
from (2.26) and the third one from (2.27).
Inserting (2.28) in (2.14) gives λ0 ≃ 0.02 as a rough
estimate. In reality, as it is also suggested by the
pole parametrization (2.11), the second derivative of the
scalar form factor is positive in the physical region and
λKπ0 :=
M2π+
fKπ+ (0)
dfKπ0 (t)
dt
∣∣∣∣
t=0
(2.29)
becomes smaller than the value (2.14) obtained in the
linear approximation. Indeed, an analysis performed in
the isospin limit and at first nonleading chiral order gave
[25] λKπ0 = 0.017(4). In the meantime, the chiral pertur-
bation series of fKπ0 (t) has been pushed forward to the
two-loop level [20, 24, 33]. Combined with an estimate of
the relevant O(p6) low-energy couplings, the prediction
[21] λKπ0 = 0.013(3) was obtained.
A further reduction of the size of the slope parameter
(compared to the next-to-leading order result) is also sup-
ported by approaches using dispersive methods. Based
on a detailed study of strangeness-changing scalar form
factors by Oller, Jamin and Pich [12], they found [13]
λKπ0 = 0.0157(10) and [14] λ
Kπ
0 = 0.0147(4), respec-
tively. A similar result, λKπ0 = 0.01523(46) + 0.069∆CT,
based on the dispersive representation (2.12) was given
in [16].
The present experimental situation is displayed in Ta-
ble I. Note that the numbers3 shown here are those
where a quadratic parametrization (2.9) has been used
for the simultaneous determination of the vector form
factor fKπ+ (t).
It is difficult to accomodate the result of NA48 with
those of the other experiments4. It is also hard to see [34]
how the outcome of NA48 could be reconciled with the
results obtained in the dispersive analysis. Furthermore,
if the numbers given by ISTRA+ (obtained from K+
2 The small difference between our number and the one obtained
in [14] within a similar approach is due to the slightly different
input parameters.
3 The ISTRA+ result [1] has been rescaled by M2
π+
/M2
π0
.
4 See also the critical review of the present data in [5].
4TABLE I: Experimental results for λKπ0 × 10
3
ISTRA+ (K+µ3) KTeV (KLµ3) KTeV (KLµ3 +KLe3) NA48 (KLµ3) KLOE (KLµ3) KLOE (KLµ3 +KLe3)
17.1± 2.2 12.8 ± 1.8 13.7 ± 1.3 9.5± 1.4 9.1 ± 6.5 15.4± 2.2
decays) and NA48 (extracted fromKL decays) were both
true, this would signal an enormous isospin violation in
the scalar form factors of Kℓ3.
It is also an instructive exercise to estimate the scalar
mass MS of the pole parametrization (2.11) by im-
posing the Callan-Treiman relation (2.13). Inserting
fKπ0 (∆Kπ) ≃ FK/Fπ in (2.11), one finds
M2S ≃
∆Kπ
1− FπfKπ+ (0)/FK
≃ (1082MeV)2, (2.30)
being in reasonable agreement with the result found by
KTeV [2], MS = 1167(42)MeV/c
2, but rather far away
from the value [3] MS = 1400(70)MeV/c
2 given by
NA48.
III. Kℓ3 FORM FACTORS
In the following, we are using the notation introduced
in [19]. In particular,
f˜K
+π0
± , f˜
K0π−
± (3.1)
denote the pure QCD contributions (in principle at any
order in the chiral expansion) plus the electromagnetic
contributions to the meson masses and π0–η mixing. In
fact
fK
0π−
+ (0)→ f˜K
0π−
+ (0) (3.2)
has to be inserted in the master formula (2.22) for the
analysis of Kℓ3 decays. We also recall the (lowest-order)
expressions for the pseudoscalar masses
M2π± = 2B0m̂+ 2e
2ZF0
2,
M2π0 = 2B0m̂,
M2K± = B0
[
(ms + m̂)− 2ε
(2)
√
3
(ms − m̂)
]
+ 2e2ZF0
2,
M2(−)
K 0
= B0
[
(ms + m̂) +
2ε(2)√
3
(ms − m̂)
]
,
M2η =
4
3
B0
(
ms +
m̂
2
)
. (3.3)
The mixing angle ε(2) is given by
ε(2) =
√
3
4
md −mu
ms − m̂ , (3.4)
the symbol m̂ stands for the mean value of the light quark
masses,
m̂ =
1
2
(mu +md), (3.5)
and B0 is related to the vacuum condensate. Finally, Mπ
and MK denote the isospin limits (mu = md, e = 0) of
the pion mass and the kaon mass, respectively:
M2π = 2B0m̂, M
2
K = B0(ms + m̂). (3.6)
Whenever isospin-breaking effects are taken into ac-
count, the distinction of quantities like
f˜K
+π0
+ 6= f˜K
0π−
+ , f˜
K+π0
− 6= f˜K
0π−
− ,
M±π 6=Mπ0 =Mπ, MK± 6=MK0 6=MK ,
etc. has to be observed with meticulous care.
To order p4, (md − mu)p2, e2p2, the f+ form factors
are given by [19, 25]
f˜K
+π0
+ (t) = 1 +
√
3
(
ε(2) + ε
(4)
S + ε
(4)
EM
)
+
1
2
HK+π0(t) +
3
2
HK+η(t) +HK0π−(t)
+
√
3ε(2)
[
5
2
HKπ(t) +
1
2
HKη(t)
]
, (3.7)
and
f˜K
0π−
+ (t) = 1 +
1
2
HK+π0(t) +
3
2
HK+η(t) +HK0π−(t)
+
√
3ε(2)
[
HKπ(t)−HKη(t)
]
. (3.8)
The loop functions HPQ(t) can be found in [7, 25]. The
quantity ε
(4)
S is the strong contribution to the π
0–η mix-
ing angle arising at first nonleading order [25] and ε
(4)
EM is
the corresponding term generated atO(e2p2) [9]. The ex-
plicit expressions for ε
(4)
S and ε
(4)
EM can be found in [19].
We just note in passing that (3.7) and (3.8) imply the
relation
f˜K
+π0
+ (0) = f˜
K0π−
+ (0)
[
1+
√
3
(
ε(2)+ε
(4)
S +ε
(4)
EM
)]
, (3.9)
which defines
δSU(2) =
{
0 for K0ℓ3
2
√
3
(
ε(2) + ε
(4)
S + ε
(4)
EM
)
for K+ℓ3
(3.10)
to the order (md −mu)p2, e2p2.
The analogous expressions for the f− form factors are
given by [19]
f˜K
+π0
− (t) =
4∆Kπ
F 20
(
1 +
ε(2)√
3
)[
Lr5(µ)−
3
256π2
ln
M2K±
µ2
]
5− 1
128π2F 20
[(
3 +
√
3ε(2)
)
M2η ln
M2η
M2K±
+ 2
(
3−
√
3ε(2)
)
M2K0 ln
M2K0
M2K±
− 2(3−√3ε(2))M2π± ln M2π±M2K±
+
(
1 + 3
√
3ε(2)
)
M2π0 ln
M2π0
M2K±
]
+
∑
PQ
{[
aPQ(t) +
∆PQ
2t
bPQ
]
KPQ(t)
+ bPQ
F 20
t
HPQ(t)
}
. (3.11)
and
f˜K
0π−
− (t) =
4∆Kπ
F 20
(
1 +
2ε(2)√
3
)[
Lr5(µ)−
3
256π2
ln
M2π±
µ2
]
− 1
128π2F 20
[
2M2K0 ln
M2K0
M2π±
+
(
3 + 2
√
3ε(2)
)
M2η ln
M2η
M2π±
− (3 + 2√3ε(2))M2π0 ln M2π0M2π±
]
+
∑
PQ
{[
cPQ(t) +
∆PQ
2t
dPQ
]
KPQ(t)
+ dPQ
F 20
t
HPQ(t)
}
, (3.12)
The sum runs over the meson pairs K+π0, K0π+, K+η
occurring in loop diagrams. The functionKPQ(t) is given
by
KPQ(t) =
∆PQ
2t
J¯PQ(t), (3.13)
with the short-hand notation ∆PQ = M
2
P − M2Q and
the loop function J¯PQ(t) defined in [7]. The coefficients
aPQ(t), bPQ cPQ(t), dPQ are listed in the Appendix.
In the next step we are trading the low-energy con-
stant Lr5(µ) appearing in the expressions for the f− form
factors for the ratio FK/Fπ. To this end we employ the
relation [11]
FK
Fπ
= 1+
4∆Kπ
F 20
Lr5(µ)
(
1− 2ε
(2)
√
3
)
− 1
8(4π)2F0
2
[
3M2η ln
M2η
µ2
+ 2M2K ln
M2K
µ2
− 5M2π ln
M2π
µ2
]
+
√
3ε(2)
4(4π)2F 20
[
M2η ln
M2η
µ2
−M2π ln
M2π
µ2
+
2
3
∆Kπ
(
ln
M2K
µ2
+ 1
)]
(3.14)
in (3.11) and (3.12). In this way we find
f˜K
+π0
− (t) =
(
FK
Fπ
− 1
)(
1 +
√
3ε(2)
)
−
√
3ε(2)
(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
+
∆π±π0
4(4πF0)2
(
5− 3 lnM
2
K
M2π
)
+
∑
PQ
{[
aPQ(t) +
∆PQ
2t
bPQ
]
KPQ(t)
+ bPQ
F 20
t
HPQ(t)
}
(3.15)
and
f˜K
0π−
− (t) =
(
FK
Fπ
− 1
)(
1 +
4ε(2)√
3
)
− ε
(2)
√
3(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
+
∆π±π0
4(4πF0)2
+
∑
PQ
{[
cPQ(t) +
∆PQ
2t
dPQ
]
KPQ(t)
+ dPQ
F 20
t
HPQ(t)
}
. (3.16)
IV. SCALAR FORM FACTORS
In the combination
f˜K
+π0
0 (t) = f˜
K+π0
+ (t) +
t
∆K+π0
f˜K
+π0
− (t) (4.1)
the terms with HPQ(t) cancel completely because of the
relation
1
2
HK+π0(t) +
3
2
HK+η(t) +HK0π−(t)
+
√
3 ε(2)
[
5
2
HKπ(t) +
1
2
HKη(t)
]
+
∑
PQ
bPQF
2
0HPQ(t)/∆K+π0 = 0 (4.2)
This is to be expected as HPQ(t) contains the low-energy
coupling Lr9(µ) being related to pure vector exchange.
Quite analogously, the terms with HPQ(t) disappear
also in the combination
f˜K
0π−
0 (t) = f˜
K0π−
+ (t) +
t
∆K0π−
f˜K
0π−
− (t), (4.3)
6as a consequence of
1
2
HK+π0(t) +
3
2
HK+η(t) +HK0π−(t)
+
√
3 ε(2)
[
HKπ(t)−HKη(t)
]
+
∑
PQ
dPQF
2
0HPQ(t)/∆K0π− = 0. (4.4)
The scalar form factor of K+ℓ3 can now be written as
f˜K
+π0
0 (t) = f˜
K+π0
0 (0)
+
t
∆K+π0
{(
FK
Fπ
− 1
)(
1 +
√
3ε(2)
)
−
√
3ε(2)
(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
+
∆π±π0
4(4πF0)2
(
5− 3 ln M
2
K
M2π
)
+
∑
PQ
[
1
2
aPQ(0)∆PQJ¯
′
PQ(0) +
1
8
bPQ∆
2
PQJ¯
′′
PQ(0)
]}
+
1
∆K+π0
∑
PQ
{
1
2
a′PQ(0)∆PQtJ¯PQ(t)
+
1
2
aPQ(0)∆PQ
[
J¯PQ(t)− tJ¯ ′PQ(0)
]
+
1
4
bPQ∆
2
PQ
J¯PQ(t)− tJ¯ ′PQ(0)− t2J¯ ′′PQ(0)/2
t
}
.(4.5)
The last term in the curly brackets is of order t2 and the
first derivative of the form factor can be read off directly
from the term ∼ t. The analogous expression for the K0ℓ3
scalar form factor is given by
f˜K
0π−
0 (t) = f˜
K0π−
0 (0)
+
t
∆K0π−
{(
FK
Fπ
− 1
)(
1 +
4ε(2)√
3
)
− ε
(2)
√
3(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
+
∆π±π0
4(4πF0)2
+
∑
PQ
[
1
2
cPQ(0)∆PQJ¯
′
PQ(0) +
1
8
dPQ∆
2
PQJ¯
′′
PQ(0)
]}
+
1
∆K0π−
∑
PQ
{
1
2
c′PQ(0)∆PQtJ¯PQ(t)
+
1
2
cPQ(0)∆PQ
[
J¯PQ(t)− tJ¯ ′PQ(0)
]
+
1
4
dPQ∆
2
PQ
J¯PQ(t)− tJ¯ ′PQ(0)− t2J¯ ′′PQ(0)/2
t
}
.(4.6)
In the further evaluation of the slope parameter
λK
+π0
0 :=
M2π+
f˜K
+π0
+ (0)
df˜K
+π0
0 (t)
dt
∣∣∣∣
t=0
(4.7)
from (4.5) we use (3.9) and arrive at
λK
+π0
0 =
M2π+
∆K+π0
×
{
FK
Fπ f˜K
0π−
+ (0)
− 1
f˜K
0π−
+ (0)
−
√
3ε(2)
(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
(4.8)
+
∆π±π0
4(4πF0)2
(
5− 3 ln M
2
K
M2π
)
+
(
1−
√
3ε(2)
)
×
∑
PQ
[
1
2
aPQ(0)∆PQJ¯
′
PQ(0) +
1
8
bPQ∆
2
PQJ¯
′′
PQ(0)
]}
.
For
λK
0π−
0 :=
M2π+
f˜K
0π−
+ (0)
df˜K
0π−
0 (t)
dt
∣∣∣∣
t=0
(4.9)
we obtain the result
λK
0π−
0 =
M2π+
∆K0π−
×
{(
FK
Fπ f˜K
0π−
+ (0)
− 1
f˜K
0π−
+ (0)
)(
1 +
4ε(2)√
3
)
(4.10)
− ε
(2)/
√
3
(4πF0)2
[
∆Kπ −M2π ln
M2K
M2π
]
+
∆π±π0
4(4πF0)2
+
∑
PQ
[
1
2
cPQ(0)∆PQJ¯
′
PQ(0) +
1
8
dPQ∆
2
PQJ¯
′′
PQ(0)
]}
.
V. CALLAN-TREIMAN RELATIONS
For the investigation of the Callan-Treiman relations in
the presence of isospin breaking efffects, it is convenient
to consider the ratios
f˜K
+π0
0 (∆K+π0)
f˜K
+π0
0 (0)
,
f˜K
0π−
0 (∆K0π−)
f˜K
0π−
0 (0)
. (5.1)
In the case of K+ℓ3 decays, we find
f˜K
+π0
0 (∆K+π0)
f˜K
+π0
0 (0)
=
FK
Fπ f˜K
0π−
+ (0)
−
√
3ε(2)
(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
(5.2)
+
∆π±π0
4(4πF0)2
(
5− 3 lnM
2
K
M2π
)
+
(
1 +
√
3ε(2)
)
×
∑
PQ
[
aPQ(∆K+π0) +
∆PQbPQ
2∆K+π0
]
KPQ(∆K+π0)
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and of KPQ(∆K+π0) leads to the alternative form
f˜K
+π0
0 (∆K+π0)
f˜K
+π0
0 (0)
=
FK
Fπ f˜K
0π−
+ (0)
−
√
3ε(2)
(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
+
∆π±π0
4(4πF0)2
(
5− 3 lnM
2
K
M2π
)
(5.3)
+
M2π
2F 20
(
1 +
12ε(2)√
3
− 4ε
(2)M2K√
3M2π
)
J¯K+π0(∆K+π0)
− M
2
π
F 20
(
1+
2ε(2)√
3
+
4ε(2)M2K√
3M2π
− 2∆π±π0
∆Kπ
)
J¯K0π−(∆K+π0)
− M
2
π
6F 20
(
1+
8ε(2)√
3
+
4ε(2)M2K√
3M2π
− 4∆π±π0
∆Kπ
)
J¯K+η(∆K+π0).
We remark that the specific combination of terms
δK
+π0
CT :=
f˜K
+π0
0 (∆K+π0)
f˜K
+π0
0 (0)
− FK
Fπ f˜K
0π−
+ (0)
(5.4)
vanishes at lowest order5. Contributions to this expres-
sion start only at NLO and constitute an appropriate
measure for corrections to the Callan-Treiman relation in
the presence of isospin violation. In contrast, the quan-
tity
∆K
+π0
CT = f˜
K+π0
0 (∆K+π0)−
FK
Fπ
=
√
3 ε(2) + . . . , (5.5)
receives a large (but trivial) contribution already at the
tree level, making it less convenient for the discussion
of deviations from the Callan-Treiman limit in the case
mu 6= md, e 6= 0. Note also that the NLO contribution
to (5.4) can be expressed in terms of physical masses,
the ratio FK/Fπ f˜
K0π−
+ (0), ε
(2) and the pion decay con-
stant, whereas the computation of (5.5) at NLO requires
additional information on ε
(4)
S and ε
(4)
EM entering in (3.9).
The analogous formulas in the case of K0ℓ3 are given by
f˜K
0π−
0 (∆K0π−)
f˜K
0π−
0 (0)
=
FK
Fπ f˜K
0π−
+ (0)
+
4ε(2)√
3
(
FK
Fπ f˜K
0π−
+ (0)
− 1
f˜K
0π−
+ (0)
)
(5.6)
− ε
(2)
√
3(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
+
∆π±π0
4(4πF0)2
+
∑
PQ
[
cPQ(∆K0π−) +
∆PQdPQ
2∆K0π−
]
KPQ(∆K0π−),
5 To lowest order, the second term is equal to one and the form
factor itself is independent of the momentum transfer.
and
f˜K
0π−
0 (∆K0π−)
f˜K
0π−
0 (0)
=
FK
Fπ f˜K
0π−
+ (0)
+
4ε(2)√
3
(
FK
Fπ f˜K
0π−
+ (0)
− 1
f˜K
0π−
+ (0)
)
− ε
(2)
√
3(4πF0)2
(
∆Kπ −M2π ln
M2K
M2π
)
+
∆π±π0
4(4πF0)2
− M
2
π
2F 20
(
1− 2ε
(2)
√
3
+
2∆π±π0M
2
K
∆KπM2π
)
J¯K+π0(∆K0π−)
− M
2
π
6F 20
(
1 +
6ε(2)√
3
− 2∆π±π0
∆Kπ
)
J¯K+η(∆K0π−), (5.7)
respectively. In the following, the quantity
δK
0π−
CT :=
f˜K
0π−
0 (∆K0π−)
f˜K
0π−
0 (0)
− FK
Fπ f˜K
0π−
+ (0)
(5.8)
will be used to measure the size of corrections to the
Callan-Treiman relation in the case of neutral kaon de-
cays.
In the isospin limit, (5.3) as well as (5.7) reduce to the
well known result [25]
fKπ0 (∆Kπ) =
FK
Fπ
− M
2
π
6F 20
[
3J¯Kπ(∆Kπ) + J¯Kη(∆Kπ)
]
.
(5.9)
VI. SIZE OF ISOSPIN BREAKING
The size of strong isospin violation is determined by
the mixing angle ε(2) defined in (3.4) or, equivalently, by
the ratio of quark mass differences
R :=
ms − m̂
md −mu . (6.1)
Up to corrections of order m2q, the double ratio
Q2 :=
m2s − m̂2
m2d −m2u
= R
ms/m̂+ 1
2
(6.2)
is given by meson masses and a purely electromagnetic
contribution [7]:
Q2 =
∆KπM
2
K
(
1 +O(m2q)
)
M2π
[
∆K0K+ +∆π+π0 − (∆K0K+ +∆π+π0)EM
] .
(6.3)
As a consequence of Dashen’s theorem [35], the electro-
magnetic term vanishes to lowest order e2p0. It can be
expressed through chiral logarithms and a certain com-
bination of electromagnetic couplings [8, 9]:
(∆K0K+ +∆π+π0)EM =
8e2M2K
[
1
4π2
(
3 ln
M2K
µ2
− 4 + 2 ln M
2
K
µ2
)
+
4
3
(K5 +K6)
r(µ)− 8(K10 +K11)r(µ)
+ 16ZLr5(µ)
]
+O(e2M2π). (6.4)
The numerical values of the electromagnetic coupling
constants appearing in this expression have been deter-
mined by several authors [36, 37, 38]. Here we are using
the most recent result by Ananthanarayan and Mous-
sallam [38]. They obtain a rather large deviation from
Dashen’s limit,
(∆K0K+ +∆π+π0)EM = −1.5∆π+π0 (6.5)
which corresponds to
Q = 20.7± 1.2, (6.6)
where we have added a rather generous error to account
for higher order corrections.
For the determination of
R =
2Q2
ms/m̂+ 1
(6.7)
we also need information about the quark mass ratio
ms/m̂ as our second input parameter. Employing differ-
ent methods [39], typical values around ms/m̂ ∼ 24 have
been obtained in the literature. We want to corroborate
this size of the quark mass ratio by a numerical update
of the determination of ms/m̂ with a method proposed
by Leutwyler [40] using the decay widths of η → γγ and
η′ → γγ. Defining the parameters cη and cη′ by [40]
Γ(P → γγ) = α
2M3P
64π3F 2π
c2P , (6.8)
the experimental values for the decay widths given in [27]
correspond to cη = 0.992±0.025 and cη′ = 1.245±0.022.
The quark mass ratio can be obtained from the system
of equations [40] (see also [41, 42])
F 8η cη + F
8
η′cη′ = Fπ/
√
3 (6.9)
(F 8η )
2 + (F 8η′ )
2 =
4F 2K − F 2π
3
(6.10)
(F 8η )
2M2η + (F
8
η′)
2M2η′ =
8F 2KM
2
Kms/m̂
3(ms/m̂+ 1)
(6.11)
− F
2
πM
2
π(2ms/m̂− 1)
3
.
Eq.(6.10) can be written in the form [40]
F 8η = F8 cosϑ8, F
8
η′ = F8 sinϑ8 (6.12)
with
(F8)
2 =
4F 2K − F 2π
3
. (6.13)
Using (6.9), the observed values of cη and cη′ require
ϑ8 = −22.0◦. Inserting this in (6.12) yields the quark
mass ratio
ms/m̂ = 24.7± 1.0± 0.3± 0.1 = 24.7± 1.1, (6.14)
where the errors refer to the uncertainties of Γ(η → γγ),
Γ(η′ → γγ) and FK/Fπ. This value is perfectly consis-
tent with ms/m̂ = 24.4 ± 1.5 obtained in [39] based on
different arguments.
Combining (6.6) and (6.14), the relation (6.7) finally
gives
R = 33.5± 4.0± 1.5 = 33.5± 4.3. (6.15)
A value for R of this size has been suggested in [43]. Note
however that a recent analysis of η → 3π at the two-loop
level [44] favours the values R = 42.2 and Q = 23.2.
The result in (6.15) corresponds to
ε(2) = (1.29± 0.17)× 10−2 (6.16)
and will be used in our subsequent numerical analysis.
We also note that (6.16) leads to the numerical value
δSU(2) = 0.058(8) (6.17)
for the parameter (3.10) in Kℓ3 decays.
VII. NUMERICS AT O
(
p4, (md −mu)p
2, e2p2
)
For Mπ± , Mπ0 , MK± and MK0 we take the PDG06
values [27], but forMη we employ the Gell-Mann–Okubo
relation [45]
3∆ηK = ∆Kπ. (7.1)
As this relation has to be used to arrive at the theoretical
formulas of Sects. IV and V, this is the only unambiguous
choice for Mη at the considered chiral order.
With this set of masses, the numerical value for the
ratio FK/Fπ f˜
K0π−
+ (0) given in (2.28), the size of strong
isospin breaking (6.16) and F0 ≃ Fπ = 92.2MeV [30]
as our input parameters, we obtain the following results
for the slope parameters at the chiral order p4, (md −
mu)p
2, e2p2:
λK
0π−
0 = (16.64︸ ︷︷ ︸
mu=md
+ 0.17︸︷︷︸
mu 6=md
+0.14︸︷︷︸
EM
)× 10−3
= 16.95(40)(5)× 10−3, (7.2)
λK
+π0
0 = (16.64︸ ︷︷ ︸
mu=md
− 0.12︸︷︷︸
mu 6=md
− 0.08︸︷︷︸
EM
)× 10−3
= 16.44(39)(4)× 10−3. (7.3)
The value in the limit of isospin conservation (mu = md,
e = 0) and the contributions generated by strong isospin
breaking and electromagnetism are displayed separately.
9The latter two pieces turn out to be of the same size. In
the total results, the first error refers to (2.28) and the
second one from error to (6.16). We see that both sources
of isospin violation generate only tiny shifts with respect
to the result in the in isospin limit, with a splitting of
the two slope parameters given by
∆λ0 := λ
K0π−
0 − λK
+π0
0 = (5.1± 0.9)× 10−4. (7.4)
At the Callan-Treiman point we find
δK
0π−
CT = 1.7(1)(7)× 10−3 (7.5)
for the quantity defined in (5.8). The analogous measure
(5.4) of the corrections to the Callan-Treiman relation
for the charged kaon decay mode is given by
δK
+π0
CT = −10.4(0)(7)× 10−3. (7.6)
In both cases, the first error is related to (2.28), and the
second one to (6.16). The corresponding value in the
isospin limit is given by
fKπ0 (∆Kπ)
fKπ0 (0)
− FK
FπfKπ+ (0)
= −3.6× 10−3. (7.7)
Switching off the electromagnetic contribution in (7.5)
and (7.6) we obtain
δK
0π−
CT
∣∣∣
e=0
= 1.9× 10−3, δK+π0CT
∣∣∣
e=0
= −9.9× 10−3.
(7.8)
VIII. ANALYSIS AT O(p6)
In the isospin limit (mu = md, e = 0), the NNLO
result for scalar form factors was given in the form [20]
fKπ0 (t) +
t
∆Kπ
(
1− FK
Fπ
)
= 1 + ∆¯(t) + ∆(0)
− 8∆
2
Kπ
F 4π
[
Cr12(Mρ) + C
r
34(Mρ)
]
+
8t∆Kπ
F 4π
[
2Cr12(Mρ) + C
r
34(Mρ)
]
+
16tM2π
F 4π
[
2Cr12(Mρ) + C
r
34(Mρ)
]
− 8t
2
F 4π
Cr12(Mρ). (8.1)
Following the strategy proposed in [21], we pull out the
tree-level pieces ∼ Lri ×Lrj from ∆¯(t) and ∆(0) by defin-
ing6
D(0) = ∆(0)− 8∆
2
Kπ
F 4π
Lr5(Mρ)
2, (8.2)
6 Note that terms ∼ Lr
4
×Lr
5
, Lr
5
×Lr
6
, Lr
5
×Lr
8
, etc. cancel in the
combination of terms entering in (8.1).
D¯(t) = ∆¯(t) +
8t∆Kπ
F 4π
Lr5(Mρ)
2. (8.3)
The scalar form factor can now be written as
fKπ0 (t) = f
Kπ
+ (0) +
t
∆Kπ
(
FK
Fπ
− 1
)
+
8t∆Kπ
F 4π
[
2Cr12(Mρ) + C
r
34(Mρ)− Lr5(Mρ)2
]
+
16tM2π
F 4π
[
2Cr12(Mρ) + C
r
34(Mρ)
]
− 8t
2
F 4π
Cr12(Mρ) + D¯(t), (8.4)
where
fKπ+ (0) = 1 +D(0) (8.5)
− 8∆
2
Kπ
F 4π
[
Cr12(Mρ) + C
r
34(Mρ)− Lr5(Mρ)2
]
.
The expression for the normalized scalar form factor
takes the form
fKπ0 (t)
fKπ+ (0)
= 1 +
t
∆Kπ
(
FK
FπfKπ+ (0)
− 1
1 +D(0)
)
+
8t(∆Kπ − t)
F 4π
Cr12(Mρ)
+
16tM2π
F 4π
[
2Cr12(Mρ) + C
r
34(Mρ)
]
+
D¯(t)
1 +D(0)
, (8.6)
allowing the following conclusion: Apart from the very
small contribution
16tM2π
F 4π
[
2Cr12(Mρ) + C
r
34(Mρ)
]
= ∆tree, p
6
CT
t
∆Kπ
, (8.7)
which is suppressed by a factorM2π/M
2
K , the slope as well
as the curvature of (8.6) depend only on the counterterm
Cr12(Mρ) if the loop functions D¯(t), D(0) are known and
the quantity FK/Fπf
Kπ
+ (0) is used as input parameter.
Taking ∆(0), ∆¯(t) (K0ℓ3) from [20] and L
r
5(Mρ) (fit 10)
from [43], (8.2) and (8.3) assume the numerical values
D(0) = −0.0134± 0.0005, (8.8)
D¯(t) = −0.23407 t/GeV2 + 0.833045 (t/GeV2)2
+ 1.25252 (t/GeV2)3. (8.9)
The relevant p6 counterterms have been determined by
using the 1/NC expansion and truncating the hadronic
spectrum to the lowest lying resonances [21]. In this
framework, the leading term in the large-NC expansion
of the relevant couplings can be expressed in terms of the
scalar and pseudoscalar octet masses (MS and MP ) and
the pion decay constant [21]:
LSP5 =
F 2π
4M2S
, CSP12 = −
F 4π
8M4S
,
CSP34 =
3F 4π
16M4S
+
F 4π
16M4S
(
1− M
2
S
M2P
)2
. (8.10)
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One assumes that the expressions given in (8.10) deter-
mine the corresponding renormalized coupling constants
at some typical hadronic matching scale µ:
Cri (µ) = C
SP
i . (8.11)
The value of the coupling constant at our standard ref-
erence scale Mρ can then be obtained by
Cri (Mρ) = C
r
i (µ) + δCi(µ,Mρ), (8.12)
where
δCi(µ,Mρ) =
1
(4π)2
{
Γ
(2)
i
(4π)2
(
ln
µ
Mρ
)2
− [2Γ(1)i + Γ(L)i (Mρ)] ln µMρ
}
(8.13)
is determined by the renormalization group equations
[22]
µ
∂Cri (µ)
∂µ
=
1
(4π)2
[
2Γ
(1)
i + Γ
(L)
i (µ)
]
,
µ
∂Γ
(L)
i (µ)
∂µ
= −Γ
(2)
i
8π2
. (8.14)
For our analysis we need [22]
Γ
(2)
12 =
19
64
, Γ
(1)
12 = −
13
768(4π)2
,
Γ
(L)
12 =
2
3
Lr1 +
4
3
Lr2 +
8
9
Lr3 +
3
4
Lr5 (8.15)
and
Γ
(2)
34 = −
13
32
, Γ
(1)
34 = −
31
2304(4π)2
,
Γ
(L)
34 = −Lr1 −
3
2
Lr2 −
11
12
Lr3 + L
r
4 −
3
2
Lr5. (8.16)
The analysis of [23] (scenario A) suggests the value
MS = 1.48GeV for the lightest scalar nonet that sur-
vives the large-NC limit. With this choice of the mass
parameter one gets
LSP5 = 0.97× 10−3, (8.17)
which agrees exactly with the mean-value of Lr5(Mρ) ob-
tained in fit 10 of [43]. For the pseudoscalar mass param-
eter, spectroscopy and chiral symmetry [23, 27] suggest
the value MP = 1.3GeV. With this input one obtains
7
Cr12(Mρ) = (−1.9+2.0−0.4)× 10−6 (8.18)
7 These numbers can be compared with previous determinations
in [13, 21, 46].
and
Cr34(Mρ) = (2.9
+1.3
−5.0)× 10−6. (8.19)
The errors were estimated by calculating (8.13) using
(8.15) and (8.16), respectively. The numerical values (to-
gether with their errors) of the Lri (Mρ) were taken from
fit 10 of [43]. The matching scale µ was varied between
Mη and 1GeV which provides us with an estimate of the
intrinsic uncertainty due to subleading contributions in
1/NC . Note that the asymmetric errors in (8.18) and
(8.19) originate from the quadratic term in (8.13) as a
consequence of the two-loop renormalization group equa-
tion.
Expanding the scalar form factor as
fKπ0 (t)
fKπ+ (0)
= 1 + λKπ0
t
M2π+
+
1
2
cKπ0
( t
M2π+
)2
+ . . . , (8.20)
(8.6) implies
λKπ0 =M
2
π+
{
1
∆Kπ
(
FK
FπfKπ+ (0)
− 1
1 +D(0)
)
+
8∆Kπ
F 4π
Cr12(Mρ)
+
16M2π
F 4π
[
2Cr12(Mρ) + C
r
34(Mρ)
]
+
D¯′(0)
1 +D(0)
}
(8.21)
for the slope parameter. Using the two-loop results (8.8),
(8.9) and estimating the pertinent combination of low-
energy couplings in the way described above, we find
λKπ0 =
(
13.9+1.3−0.4 ± 0.4
)× 10−3. (8.22)
The first error is related to the uncertainties in the de-
termination of the Ci and the second one to those in
FK/Fπf+(0) and D(0).
The expression for the curvature reads
cKπ0 =M
4
π+
{
− 16
F 4π
Cr12(Mρ) +
D¯′′(0)
1 +D(0)
}
, (8.23)
which leads to the predicion
cKπ0 =
(
8.0+0.3−1.7
)× 10−4, (8.24)
once (8.9) together with (8.18) have been inserted. Note
that the naive pole parametrization (2.11) would predict
cKπ0
∣∣
pole fit
= 2
(
λKπ0
)2 ≃ 4× 10−4, (8.25)
where the numerical value was obtained by inserting
(8.22). This exercise shows that the pole fit is unable
to reproduce the curvature found in (8.24). It was al-
ready noticed in [15] that the pole parametrization un-
derestimates the curvature derived from dispersion the-
ory when realistic values of the slope and the pole mass
are assumed (see also the discussion in the next section).
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The combination of counterterms entering in (8.7) is
given by
2Cr12(Mρ) + C
r
34(Mρ) =
(− 0.9+3.8−3.4)× 10−6 (8.26)
which translates into
∆tree, p
6
CT =
(− 0.8+3.5−3.1)× 10−3. (8.27)
Combined with the two-loop result given in [24], the total
p6 result (in the isospin-limit) reads
∆CT =
(− 7.0+3.5−3.1)× 10−3. (8.28)
For completeness, we also note
Cr12(Mρ) + C
r
34(Mρ)− Lr5(Mρ)2 =
(
0.1+1.1−1.2
)× 10−6,
(8.29)
which determines the size of fKπ+ (0) as
fKπ+ (0) = 0.986± 0.0071/Nc ± 0.002MS,MP . (8.30)
Apart from varying the matching scale, we have also
added a second error to account for the uncertainty in
the choice of the resonance masses, as our central value
for f treep6 given by
f treep6 = −
∆2Kπ
2M4S
(
1− M
2
S
M2P
)2
(8.31)
depends strongly on the (relative) size of the mass pa-
rameters. The number given in (8.30) is to be com-
pared with the still currently used Leutwyler-Roos value
fKπ+ (0) = 0.961± 0.008 [47].
IX. DISPERSIVE ANALYSIS
Employing the dispersive representation (2.12) of the
scalar form factor used in [15, 16, 17], the slope parameter
can be written as
λKπ0 =
M2π+
∆Kπ
(
lnC −G(0)). (9.1)
Evaluating (2.12) at t = ∆Kπ, one finds the relation
C =
FK
FπfKπ+ (0)
+
∆CT
fKπ+ (0)
. (9.2)
Using (2.28) and the estimate ±0.01 for the uncertainty
due to ∆CT/f
Kπ
+ (0), the parameter C assumes the value
C = 1.2424± 0.0045± 0.01, (9.3)
or, equivalently,
lnC = 0.2170± 0.0036± 0.0080. (9.4)
Together with [15]
G(0) = 0.0398± 0.0036± 0.002, (9.5)
the dispersive analysis gives
λKπ0 = (15.1± 0.8)× 10−3 (9.6)
for the slope parameter, being consistent with the cor-
responding result (8.22) based on resonance saturation.
This number is also in good agreement with other results
using a dispersive approach [13, 14].
The expression for the curvature reads [15]
cKπ0 = (λ
Kπ
0 )
2 − 2M
4
π+G
′(0)
∆Kπ
= (λKπ0 )
2 + (4.16± 0.50)× 10−4. (9.7)
Inserting (9.6), the curvature is given by
cKπ0 = (6.4± 0.6)× 10−4, (9.8)
which is again consistent with the result (8.24) of the
previous analysis.
Translated in terms of the size of the low-energy con-
stant Cr12(Mρ), the dispersive analysis seems to favour
values at the upper end of the range suggested by (8.18).
Explicitly, (9.8) corresponds to
Cr12(Mρ) = (0.0± 0.7)× 10−6. (9.9)
An analogous comparison can be made using the recent
results [14] of the dispersive approach of Jamin, Oller and
Pich [12]. Their method is based on a coupled-channel
solution of the dispersion relation for the scalar form fac-
tor which includes also the Kη′ channel. They find [14]
d
dt
fKπ0 (t)
fKπ0 (0)
∣∣∣∣
t=0
= 0.773(21)GeV−2, (9.10)
d2
dt2
fKπ0 (t)
fKπ0 (0)
∣∣∣∣
t=0
= 1.599(52)GeV−4, (9.11)
which corresponds to the values
λKπ0 = (14.7± 0.4)× 10−3, (9.12)
and
cKπ0 = (6.07± 0.20)× 10−4. (9.13)
X. CONTRIBUTIONS OF ORDER (md −mu)p
4
Recently, isospin breaking in the Kℓ3 form factors has
also been studied at the two-loop level [24]. The results
for the scalar form factor of K0 → π−ℓ+νℓ with Cri = 0
turn out to be essentially the same those in the isospin
limit. From Fig. 13 of [24] one extracts
∆λ0
∣∣
Cr
i
=e=0
≃ 5× 10−4 (10.1)
The remaining contribution containing the p6 low-energy
couplings Cri is given by
∆λ0
∣∣
Cr
i
=
32ε(2)∆KπM
2
π+√
3F 4π
×(2C12 + 6C17 + 6C18 + 3C34 + 3C35)r(Mρ).(10.2)
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This expression can be obtained by combining the perti-
nent terms given in Appendix B of [24]. Resonance es-
timates of the low-energy couplings appearing in (10.2)
were given in [48]. Using these results, we find8(
2C12 + 6C17 + 6C18 + 3C34 + 3C35
)SP
=
F 4π
4M4S
(
1− 3M
2
S
2M2P
− M
2
S
M2η′
+ 6λSS2
)
. (10.3)
Using our standard values for the resonance mases MS,
MP and our usual determination of the uncertainty of
the large NC estimate, we find(
2C12 + 6C17 + 6C18 + 3C34 + 3C35
)r
(Mρ)
=
(− 1.25 + 2.26λSS2 ± 0.71/NC)× 10−5. (10.4)
No estimates of the parameter λSS2 are available so far,
but in analogy to [48] λSP1 = −dm/cm one may expect
[50] ∣∣λSS2 ∣∣ <∼ 1. (10.5)
Varying λSS2 in this interval, adding (10.1) and the elec-
tromagnetic contribution discussed in Sect. VII, we ex-
pect the total value for the difference of the two slope
parameters to lie within the rather small range
0 <∼ ∆λ0 <∼ 10
−3. (10.6)
The two-loop contributions to the correction terms of
the Callan-Treiman relation in the presence of isospin
violation were also given in [24]. Translated in terms of
the quantities defined in (5.8) and (5.4), they find
δK
0π−
CT
∣∣∣
Cr
i
=e=0
= −5.6× 10−3 (10.7)
and
δK
+π0
CT
∣∣∣
Cr
i
=e=0
= −13.3× 10−3, (10.8)
respectively. These results should be supplemented by
the associated local contributions arising at this order
[24], which are, however, also plagued by partly undeter-
mined low-energy couplings. We demonstrate this only
for the purely isospin violating combination(
δK
0π−
CT − δK
+π0
CT
)∣∣∣
Cr
i
=
32ε(2)M4K√
3F 4π
(
2C12 + 2C14
+ 2C15 + 6C17 + 6C18 + 4C34 + 3C35
)r
(Mρ),(10.9)
where terms ∼ ε(2)M2π have been discarded. In addition
to the undetermined parameter λSS2 already encountered
8 Additional contributions due to η′ exchange [49] cancel in the
combination 2C18 + C35.
in (10.3), the resonance estimate for the p6 low-energy
coupling C14 is still incomplete [48], preventing a reliable
numerical determination of (10.9) (and even more for the
individual terms) for the time being.
Nevertheless, based on the numbers (7.5) and (7.6)
found at NLO, the partial NNLO results shown in (10.7)
and (10.8), our estimate of the isospin symmetric local
p6 contribution (8.27) and a rough order-of-magnitude
estimate of not yet determined local terms of the order
(md −mu)p4 (a typical term is shown in (10.9)), we ex-
pect numerically small corrections to the Callan-Treiman
relation also in the presence of isospin violation with∣∣δK0π−CT ∣∣, ∣∣δK+π0CT ∣∣ <∼ 10−2. (10.10)
XI. SUMMARY AND CONCLUSIONS
In this work we have discussed the theoretical predic-
tions for the scalar form factors of Kℓ3 decays within the
standard model.
The leading non-vanishing contribution to the scalar
slope arises at order p4 in the chiral expansion. The the-
oretical expression for the scalar form factor was worked
out already more than twenty years ago [25] in the limit
of isospin conservation. In this case, the slope parameter
is uniquely determined by the pseudoscalar masses, the
pion decay constant and the ratio
FK
/
Fπ f˜
K0π−
+ (0) = 1.2424(45). (11.1)
The remarkably precise numerical value given here can
be obtained by combining the latest experimental data
on Kµ2(γ), πµ2(γ), K
0
Le3 and Vud with the corresponding
theoretical expressions. Using this input, one finds
λKπ0
∣∣
p4
= (16.64± 0.39)× 10−3. (11.2)
The isospin violating contributions of order (md −
mu)p
2 and e2p2 to the Kℓ3 form factors were considered
for the first time in [19]. The effects of strong isospin
breaking are proportional to the mixing angle
ε(2) =
√
3
4
md −mu
ms − m̂ = (1.29± 0.17)× 10
−2. (11.3)
The numerical value shown here was obtained by using
the corrections to Dashen’s limit given in [38]. The elec-
tromagnetic contributions of order e2p2 entering in the
slope parameters λK
0π−
0 and λ
K+π0
0 can be expressed
through the electromagnetic pieces of the pseudoscalar
masses as well as the coupling Z associated the chiral
Lagrangian of order e2p0, which can also be related to
the pion mass difference (to the considered order). Both
sources of isospin violation generate only a tiny shift of
the two slope parameters (compared to the isospin sym-
metric limit) with a splitting ∆λ0 = λ
K0π−
0 −λK
+π0
0 given
by
∆λ0
∣∣
(md−mu)p2,e2p2
= (5.1± 0.9)× 10−4 (11.4)
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at this chiral order.
The corrections arising at order p6 (in the isospin limit)
turn out to be quite sizeable. Combining the two-loop re-
sults of chiral perturbation theory [20] with an updated
estimate of the necessary p6 low-energy couplings, the nu-
merical value of the slope parameter in the isospin sym-
metric limit is given by
λKπ0 =
(
13.9+1.3−0.4 ± 0.4
)× 10−3. (11.5)
The main uncertainty in this result comes from a certain
combination of p6 low energy couplings which has been
determined by an updated analysis based on [21, 23].
Using the dispersive representation proposed in [15]
with (2.28), we find
λKπ0 = (15.1± 0.8)× 10−3, (11.6)
being in good agreement with the value (11.5) obtained
in chiral perturbation theory and also with other results
[13, 14] using dispersion techniques.
The inclusion of isospin violating contributions of order
(md −mu)p4 does not change this picture substantially.
We expect an additional uncertainty for the values of the
slope parameters of at most ±10−3, mainly due to not yet
fully determined low-energy couplings. Combining the
two-loop results given in [24] with an estimate of a further
combination of low-energy couplings, the difference of the
two slope parameters should be confined to the rather
small range
0 <∼ ∆λ0 <∼ 10
−3. (11.7)
In other words, if a difference of the size of the two slope
parameters is detected at all, λK
0π−
0 should be slightly
larger than λK
+π0
0 .
At the Callan-Treiman point t = ∆Kπ , the size of the
scalar form factor is predicted as [18]
fKπ0 (∆Kπ) =
FK
Fπ
+∆CT, (11.8)
where ∆CT is of the order mu,md, e. At order p
4 (in the
isospin limit) the correction term ∆CT = −3.5 × 10−3
was calculated in [25]. If isospin violation is included,
it is advantageous to consider the quantities defined in
(5.8) and (5.4). At the order p4, (md −mu)p2, e2p2, we
find
δK
0π−
CT
∣∣
p4,(md−mu)p2,e2p2
= (1.7± 0.7)× 10−3 (11.9)
and
δK
+π0
CT
∣∣
p4,(md−mu)p2,e2p2
= (−10.4±0.7)×10−3. (11.10)
In spite of the large corrections to the correction term
itself, the Callan-Treiman relation still holds with excel-
lent precision also if isospin violating contributions are
taken into account.
Corrections to ∆CT arising at NNLO are also (poten-
tially) large. At the same time, the uncertainty of the
theoretical result is increased by the presence of p6 low-
energy couplings. Combining the two-loop result given
in [24] with our estimate for 2Cr12 + C
r
34, we find (in the
isospin limit)
∆CT =
(− 7.0+3.5−3.1)× 10−3. (11.11)
The loop contributions of order (md −mu)p4 were con-
sidered in [24]. The associated counterterm contributions
depend on partly undetermined low-energy couplings. In
spite of these theoretical uncertainties, we expect only
small corrections to the Callan-Treiman relation with∣∣δK0π−CT ∣∣, ∣∣δK+π0CT ∣∣ <∼ 10−2. (11.12)
The experimental results for the scalar slope parameter
found by ISTRA+, KTeV and KLOE are in agreement
with the predictions of the standard model. On the other
hand, the value found by NA48 can hardly be reconciled
with our theoretical results. Furthermore, an isospin vi-
olation in ∆λ0 as it would be suggested by the simul-
taneous validity of the results of ISTRA+ and NA48 is
definitely ruled out within the standard model.
The naive pole parametrization of the scalar form fac-
tor should be avoided. It contains an implicit assumption
of a relation between slope and curvature which is not
fulfilled in the standard model.
At the present theoretical and experimental level of
precision, the correct treatment of electromagnetic cor-
rections in Kµ3 decays is mandatory for the extraction
of form factor parameters from experimental data. The
appropriate procedure was described in [19], a more de-
tailed presentation of the numerics is in preparation [51].
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APPENDIX A
In this section we list the coefficients aPQ(t), bPQ,
cPQ(t), and dPQ given in [19].
aK+π0(t) =
2M2K + 2M
2
π − t
4F 20
+
(
ε(2)√
3
)−2M2K + 22M2π − 9t
4F 20
+ 4παZ,
aK0π−(t) =
−2M2K − 2M2π + 3t
2F 20
+
(
ε(2)√
3
)−2M2K + 6M2π − 3t
2F 20
− 16παZ,
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aK+η(t) =
2M2K + 2M
2
π − 3t
4F 20
+
(
ε(2)√
3
)
6M2K − 2M2π − 3t
4F 20
+ 12παZ.(A.1)
bK+π0 = −
∆Kπ
2F 20
−
(
7ε(2)
2
√
3
)
∆Kπ
F 20
− 4παZ,
bK0π− = −
∆Kπ
F 20
−
(
ε(2)√
3
)
∆Kπ
F 20
− 8παZ,
bK+η = −
3∆Kπ
2F 20
+
(√
3ε(2)
2
)
∆Kπ
F 20
− 12παZ.
(A.2)
cK+π0(t) = −
2M2K + 2M
2
π − 3t
4F 20
+
(
ε(2)√
3
)−4M2K + 3t
2F 20
− 8παZ,
cK0π−(t) =
t
2F 20
,
cK+η(t) =
2M2K + 2M
2
π − 3t
4F 20
+
(
ε(2)√
3
)
4M2K − 3t
2F 20
.
(A.3)
dK+π0 = −
∆Kπ
2F 20
−
(
4ε(2)√
3
)
∆Kπ
F 20
+ 4παZ,
dK0π− = −
∆Kπ
F 20
−
(
2ε(2)√
3
)
∆Kπ
F 20
+ 8παZ,
dK+η = −
3∆Kπ
2F 20
+ 12παZ. (A.4)
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